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' Abstract. We introduce the notion of a weighted (5-vector of a lattice poly- 

S ' tope. Although the definition is motivated by motivic integration, we study 

3 , weighted (5-vectors from a combinatorial perspective. We present a version of 

Ehrhart Reciprocity and prove a change of variables formula. We deduce a 
1^^ ' new geometric interpretation of the coefficients of the Ehrhart (5-vector. More 

specifically, they are sums of dimensions of orbifold cohomology groups of a 
toric stack. 
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^ . 1. Introduction 

-)— » . 

2 ' Let P be a d-dimensional lattice polytope in a lattice N of rank d. For each 

positive integer m, let fp{m) be the number of lattice points in mP. Then fp{m) 
is a polynomial in m of degree d, called the Ehrhart polynomial of P [9l \W\ . The 

VQ . generating series of the Ehrhart polynomial can be written in the form 

cN : E /^("^)^" = '5^(*)/(i - ^) 

00 '. '">o 
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where Sp(t) is a polynomial of degree less than or equal to d with non- negative 
integer coefficients [27 . With a slight abuse of terminology, Sp{t) is called the 

(Ehrhart) 5-vector of P. We wiU write 5p{t) = Sdf^ + 5d-it'^~'^ -\ h <5o. 

r~^ ' We present a new geometric interpretation of the coefficients 5i of the Ehrhart 5- 

C^ . vector. When P is reflexive, Batyrev and Dais iB] showed that Si is the 2z*'' stringy 

Betti number of a toric variety X associated to P. Furthermore, in this case, 
results of Yasuda [21] imply that 6i is equal to the dimension of the 2i^^ orbifold 
cohomology group of the canonical orbifold associated to X . This interpretation of 
the Ehrhart (5-polynomial of P was used by Mustatja and Payne in [23, and Karu 
in [IH] . We generalise this result to any lattice polytope P by showing that 5i is a 
sum of dimensions of orbifold cohomology groups of a toric stack (Theorem 14.31) . 

In order to establish this result, we introduce certain refinements of the Ehrhart 
polynomial. Fix a lattice point a in P. After translating, we may assume that a is 
the origin. Denote the union of the facets of P not containing the origin by dP^. 
Consider the fan A over the faces of (3Po, with support |A|. Let i/) : |A| ^ M be 
the piecewise Q-linear function with respect to A satisfying ipiv) — 1 for all v in 
i9Po. We fix a simplicial fan E refining A and with the same rays as A (see, for 
example, [U). Let A : |S| — > M be an arbitrary piecewise Q-linear function with 
respect to E satisfying \{v) > —1 for all v in OPq. Consider the function 

u.A:|E|niV^Q 

w\{v) = i>{v) - \^Piv)] + X{v). 
1 
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Note that when A = 0, the function wq is determined by the pair (P, a). Think of 
wx as assigning a weight to every lattice point in jSj. For every rational number k 
and for every non- negative integer m, denote by f^{m) the number of lattice points 
of weight k in mP. Note that the Ehrhart polynomial of P can be recovered as 
fp{m) = X^fceo /fe("^)- ^"-"^ every rational number k, consider the power series 



St{t):=il-tr+'Y.f^(^)i''' 



m>0 



If X{v) > for all v in |E|nAf, then S-^{t) is a polynomial in t with integer coefficients 
(Corollarv l2.9p . The (5-vector of P decomposes as Sp{t) — X]fceQ'^fe(^)- ^^ define 
the weighted S-vector of P to be 

S\t):=yS^,{t)t\ 



In Section [2l we verify that S^{t) lies in Z[[t^/^]], for some positive integer N. We 
discuss the geometric interpretation of the weighted (5-vector in terms of motivic 
integration in |30j . 

We emphasise that the weighted (5-vector of P is interesting from a purely com- 
binatorial perspective. We present a change of variables formula in Section [21 com- 
paring weighted (5- vectors on different polytopes (Proposition 12. 13"| . The weighted 
(5-vector has the following symmetry property (Corollarv l2.12p . 

Proposition. // the origin lies in the interior of P , then the weighted 5-vector 
S^{t) satisfies 

S^{t) = f^S^it^^). 

The most important example is when A = 0, since the Ehrhart (5-vector Sp{t) can 
be easily recovered from the weighted (5-vector 5^{t) (see ([T4)) ). More specifically, 
S^{t) is a polynomial of degree d with rational powers and non- negative integer 
coefficients (see ([TSll ) and the coefficient of i* in Sp{t) is the sum of the coefficients 
of P in (5°(i) for i — 1 < J < i. In Section [31 we consider this case and deduce the 
following weighted version of Ehrhart Reciprocity (Theorem 13. 7p . 

Theorem (Weighted Ehrhart Reciprocity). Suppose the origin lies in the interior 
of P. For every rational number —1 < k < 0, fj^{m) is either identically zero or 
a polynomial of degree d in Q[t] with positive leading coefficient. For any positive 
integer m, 

^"^ ^"l (-l)'^A°(m-l) z/fc = 0. 

We show that Ehrhart Reciprocity for lattice polytopes is an immediate conse- 
quence (CoroUarv lS.Sp as well as a result of Hibi (Corollarv l3.1ip . In fact, Weighted 
Ehrhart Reciprocity implies Ehrhart Reciprocity for rational polytopes (Remark 

We now consider the geometric side of the story. Let Vi, . . . ,Vj. be the primitive 
integer vectors of E. For i = 1, . . . , r, there is a positive integer Ui such that aiVi 
lies in OPq. The data S = (TV, E, {aiVi}) is called a stacky fan. We can associate to 
S a Deligne-Mumford stack X = X{T\) with coarse moduli space the toric variety 
X = X(S) [5]. The theory of orbifold cohomology, developed by Chen and Ruan 
[II [6], associates to <Y a finite-dimensional Q-algebra H*j.^^{X,Q), graded by Q. 
In Section [H we use a result of Borisov, Chen and Smith (Proposition 4.7 [5]) to 
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deduce our desired geometric interpretation of the coefScients of the ^-vector of P 
(Theorem SSI). 

Theorem. The coefficient of P in (5°(i) is equal to dimqH^^^{X,Q). Moreover, 
the coefficient Si of i* in the S -vector 6p(t) is a sum of dimensions of orbifold 
cohomology groups, 

5,= Y. dimQiJ;^",.,(A',Q). 

2i-2<j<2i 

Using the above theorem, we show that Weighted Ehrhart Reciprocity is a con- 
sequence of Poincare duahty for orbifold cohomology (Remark 14. 5p . 

Another corollary of the above theorem is that we may express the coefficients 
of the (5- vector of P as dimensions of orbifold cohomology groups of a {d + 1)- 
dimensional orbifold (Theorem 14. 6p . More specifically, fix a lattice triangulation T 
of P and let a be the cone over P x {1} in {N x Z)r. If A denotes the simplicial 
fan refinement of a induced by T, then we may consider the corresponding toric 
variety Y ~ Y{A), with its canonical orbifold structure. 

Theorem. Let P be a d-dimensional lattice polytope and let T be a lattice trian- 
gulation of P corresponding to a {d-\- I) -dimensional toric variety Y as above. The 
Ehrhart 5-vector of P has the form 



5pit)^J2'^''^^^orb{Y,Q)t\ 
1=0 

In the final section, we give a third proof of Weighted Ehrhart Reciprocity, 
generalising the toric proof of Ehrhart Reciprocity in [T^]. More specifically, we 
show that Weighted Ehrhart Reciprocity is a consequence of Serre Duality as well 
as some vanishing theorems for ample divisors on toric varieties due to Mustafa 
|22j . We note that this proof applies under the assumptions of the introduction, 
but not under the more general assumptions in Theorem 13. 71 

We end the introduction with an example illustrating Weighted Ehrhart Reci- 
procity and showing how the weighted ^-vector gives rise to the Ehrhart 5-vector. 

Example 1.1. Let N = J? and let P be the lattice polytope with vertices (1, 0),(0, 2), 
(—1,2), (—2,1), (—2,0) and (0,-1). Since the origin lies in the interior of P, 
weighted Ehrhart Reciprocity holds and the weighted (5-vector 5'^{t) is symmetric. 
We can compute 5^ (t) using Lemma 13.131 and one can show that 

/o°(to) = \dP n N\m{m + l)/2 + 1 

A°M = (A"(l) + /°i_fc(l))™V2 + (A"(l) - /°i_,(l))™/2 for k ^ 0. 

Note that the lattice points of weight are precisely those lying on d{mP) for some 
non-negative integer m. We have marked the lattice points of non-zero weight in 
2P. 

S°it) =e + 2i3/2 + i4/3 + 4^ + ^2/3 ^ 2il/2 + 1 

5p{t) =At^ + 7t+l 
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/(?(to) = 3TO2 + 3m+l 
j\l^(m) = 2m2 
/-i/3(™) = TO(m + l)/2 
/0 2/3(m) = m(m-l)/2 
fpim) = 6to^ + 3?7i + 1 



We give a brief outline of the paper and note that we wiU use a more general 
setup than that in the introduction. In Section [21 we introduce the notion of a 
weighted (5-vector and describe some of its properties. We specialise to the case 
when A = and prove weighted Ehrhart Reciprocity in Section \3\ In Section IH 
we consider orbifold cohomology and deduce our geometric interpretation of the 
coefficients of the (5-vector of P. In Section [5l we give a proof of Weighted Ehrhart 
Reciprocity using Serre Duality and vanishing theorems for ample divisors on toric 
varieties. 

The author would like to thank Mircea Mustafa for his constant help, encourage- 
ment and patience. He is very grateful to Sam Payne for carefully reading several 
preliminary drafts and providing valuable feedback. He would also like to thank 
Alexander Barvinok, Bill Fulton and Kevin Tucker for some useful discussions. The 
author was supported by Mircea Mustal^a's Packard Fellowship and by an Eleanor 
Sophia Wood travelling scholarship from the University of Sydney. 



2. Weighted (5- Vectors 

The goal of this section is to define weighted i5- vectors and study their properties. 
We will fix the following notation throughout the paper. Our setup will be slightly 
more general than that in the introduction (c.f. Remark |2.3|) . Let A'^ be a lattice 
of rank d and set iVa = N ®i R. Let E be a simplicial, rational, d-dimensional fan 
in A'r. We assume that the support |I]| of S in A'r is convex. Recall that S is 
complete if |E| — N^. Let pi, . . . ,pr denote the rays of E, with primitive integer 
generators vi, . . . ,Vr in N. Fix elements bi, . . . ,br in N such that bi = aiVi for 
some positive integer a,;, for i = 1, . . . , r. The data S — (N, E, {&i}) is called a 
stacky fan [5\. Let ip : |E| ^ M be the function that is Q-linear on each cone of E 
and satisfies ip{bi) = 1 for i = 1, . . . , r. We define 

Q^Q'S^{ve\n\ip{v)<l}. 

Observe that Q need not be convex and that the union of the facets in the boundary 
dQ of Q not containing is given by 

{f e A^R I ^{v) = 1}. 
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Hence -0 depends only on Q, not on the corresponding stacky fan. 

Remark 2.1. A pure lattice complex of dimension d is a simplicial complex such 
that all maximal faces are lattice polytopes of dimension d 4 . For any cone r in 
S, Q n r is a lattice simplex containing the origin as a vertex. It follows that Q 
has the structure of a pure lattice complex. Conversely, let K he a pure lattice 
complex of dimension d in N^ such that the smallest cone containing K is convex. 
If every maximal simplex in K contains the origin as a vertex, then K = Qj] for 
some stacky fan S as above. More specifically, let E be the cone over the faces in 
K not containing the origin and make an appropriate choice of {hi\. 

For each positive integer m, let fQ{m) be the number of lattice points in mQ. 
Then /g (m) is a polynomial in m of degree d, called the Ehrhart polynomial of Q 
g]. We write 

(1) fQ{m) ^ Cdin'^ + Cd-im''^^^ ^ V cq. 

The generating series of the Ehrhart polynomial can be written in the form 

Y,fQ{m)t^-^5Q{t)/{l-tY^\ 

m>0 

where SQ{t) is a polynomial of degree less than or equal to d with non- negative 
integer coefficients [27]. With a slight abuse of terminology, SQ{t) is called the 
(Ehrhart) d-vector of Q. We write 

(2) 6Q{t)^Sdt'' + 6d-it''-' + --- + So. 

Remark 2.2. Consider a triple {N, A, {6^}) as above but without the assumption 
that A is simplicial. Suppose there exists a piecewise Q-linear function ^/j : | A| ^ M 
satisfying ip{bi) = 1, and set Q = {u G |A| | ^p{v) < 1}. There exists a simplicial 
fan E refining A and with the same rays as A (see, for example, [24]). If S denotes 
the stacky fan {N, E, {bi}), then Q = Qj^. 

Remark 2.3. We consider the following important example. Let P be a lattice 
polytope and let a be a lattice point in P. After translating, we may assume that 
a is the origin. Let A be the fan over the faces of P not containing the origin. As 
in Remark l2.2i let E be a simplicial fan refining A and with the same rays as A. 
With the appropriate choice of {hi}, P — Qj^- In the introduction, we state the 
main results of the paper in this context. 

Let A : |E| — !■ M be an arbitrary piecewise Q-linear function with respect to E. 
We introduce the 'weight function' wa on |E| n A^, 

WA : |E| nA^-^Q 

w\{v) = ip{v) - \ip{v)~\ + \{v). 

Note that when A = 0, the corresponding weight function wq is determined by Q. 
Think of wx as assigning a weight to every lattice point in |E|. For every rational 
number k and for every non-negative integer m, denote by f^{m) the number of 
lattice points of weight k in mQ. Note that the Ehrhart polynomial of Q can be 
recovered as fqim) = J^keofki''^)- F'o^' every rational number k, consider the 
power series 

m>0 
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If X{v) > for all V in |E|, we will show that S^{t) is a polynomial in t with integer 
coefRcients (Corollary 12. 9p . The Ehrhart 5- vector of Q decomposes as SQ{t) — 
SfeGO'^fe(^)' ^*^ define the weighted 6 -vector of Q by 

S\s,t):^J2^'k(t>'- 

fesQ 

It follows from the definition that the weighted (5-vector can be written as 

s\s,t) = {i-tf+'Y.^ E s'"^^'^^)^", 

m>0 vemQnN 

and hence (5'*'(s, t) is a well-defined element of Z[s' | q G Q][[t]]- Note that when s = 
1, we recover the Ehrhart (5-vector d^{l,t) = 5Q{t). Later, as in the introduction, 
we will consider the case when d^(t,t) lies in Z[[i^/^]] for some positive integer N. 
Our first aim is to express S-^(s,t) as a rational function in Q(s^/^,t), for some 
positive integer N (Proposition 12. 6p . 

For each cone r in S, let E,- be the simplicial fan in [N/Nt)ts^ with cones given 
by the projections of the cones in E containing r. If r is not contained in the 
boundary of |E|, then E^ is complete. The /i- vector of E,- is given by 



hr{t) :=^t'^""^-^™^(l-t) 



codim a 



rCcr 

We will sometimes write /is(t) for h^Q-^{t). We will use the following standard 
lemma. For a combinatorial proof, we refer the reader to [28j and Lemma 1.3 17]. 
We provide a geometric proof, deducing the result as a corollary of Lemma 14.11 
which is proved independently. 

Lemma 2.4. For each cone r in E, hr(t) is a polynomial of degree at most codimr 
with non-negative integer coefficients. Suppose that t is not contained in the bound- 
ary of E. Then hr{t) — t'^°'^""'^ft.T-(i^^) and the coefficients of hr{t) are positive 
integers. 

Proof. It follows from the definition that hr{t) is a polynomial of degree at most 
codimr. Consider the simplicial toric variety X = X(E,-). By Lemma |4.1[ we can 
interpret the coefficient of i' in hr (t) as the dimension of the 2i^^ cohomology group 
oi X . In particular, each coefficient is non- negative. If r is not contained in the 
boundary of E, then X is complete. In this case, hr{t) = t'^°'^^™'^hr{t~'^) follows 
from Poincare duality on X and the coefficients of hrit) are positive by Lemma 



We define the weighted h-vector h^{s, t) of E^, 

(3) /i^(s,t) :=^.s^''.e-\-^(''''t'^""''-'^™^(l-i)™'^""'' J| {1 - 1) / {1 - s^^^^H) . 

tCct PiCcr\r 

The weighted /i- vector is a rational function in Q(s^/^ , t), for some positive integer 
N'. Note that if A = or if we set s = 1, then h^{s, t) is equal to the usual /i-vector 
hr{t) of E,-. By expanding and collecting terms, we have the following equality, 

(4) i™'^™^/i^(s-\i-i) = ^(i-l)™'*""'" W (i-l)/(s-^(^''t-l). 

tCct piCa\T 
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Lemma 2.5. Suppose that t is a cone not contained in the boundary ofT,. Then 

Proof. This is an application of Mobius inversion (see, for example, [28] )■ Let V be 
the poset consisting of the cones in S,- and of a maximal element {St}- By Lemma 
\2l[ hr{t) = i™<i™^/iT(i"^). Substituting t = gives ErC.rl-l)''"'*™'" = 1- ^ 
follows that we can compute the Mobius function of V inductively. Mobius inversion 
says that ii f : V —f Aia a, function, for some abelian group A, then 

(5) /({S.}) = 5({S.}) + ^(-ir^™-+i5(^), 



tCct 



where, for each p in V, g{p) = J2q<p /('?)• 
We set /({Sr}) = and 

/(CT) = (t-l)™'*""'^ Yl {t-l)/{s^'^'''h-l). 

pi C(t\t 

Then 5({I]t}) = i^'^^^/i^Cs-i, f-^) by © and we calculate 

tC(t'C(t 

rCcr'Ccr p^C(T'\r 

PiCCT\r 
_ glDpiE^Vx -''(''O^diinCT-dimT r/-^\ 

By © and ®, 

/i^(s, t) = J2 ("1)™'™"5('t) = 5({S.}) = t^°^'"^^h^{s-\t-'). 



D 



As in [5], for each non-zero cone r of S, set 

(6) Box(x) = {w e iV I u = ^ gi&i for some < g^ < 1}. 

We set Box({0}) = {0} and Box(S) = UresBox(T). Given any v in |E| n N, let 
17(1;) be the cone in E containing v in its relative interior. As in [231 p. 7], v has a 
unique decomposition 

(7) v = {v} + v'+ Y. ^- 

Pi Cfj(D)\r 

where {v} lies in Box(t) for some r C a{v) and v' is a linear combination of 
the {bi \pi C (j{v)} with non-negative integer coefficients. We think of {v} as the 
'fractional part' of v. Using this decomposition, we compute a local formula for 
the weighted (5- vector of Q. The method of proof is the same as that of Theorem 
1.3 in [53] and Theorem 1.2 in [5S]. In fact. Proposition 12.61 can be deduced from 
Theorem 1.2 in YM. 
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Proposition 2.6. The weighted 6-vector of Q is a rational function in Q{s ' ,t), 
for some positive integer N , and has the form 

reE 'uGBox(T) Pi.C.T 



Proof 



5\s,t)^ii~tr+'j2 



■m>OvemQnN 



= (i-t)'^+i J2 Yl s'"'^''^^" 

v&\'S\nN ■m>4>(v) 

= ii-tf J2 s'"'^^''h^'''^'''>\ 

•uelsinAf 
Now consider the decomposition ([7]). We have 

wx{v) = wxi{v}) + wxiv') + Y ^(^i)- 

PiCcr(u)\r 

Also 

["0(^^)1 = rV'd''^})] + ^l"*^ ) + dim cr(w) — dimr. 
We obtain the following expression for S'^(t) 

{1-tf J2 s"'^^'''^^'^''')^ ^s^«s-\-^^'''^t'^™'"-'^™^ Jl l/(l-s^(''')t). 

r^S rCcr PiQ^ 

vGBox{T) 

Substituting in Q and rearranging gives the result. D 

Example 2.7. If A = 0, then 

res 
ijeBox(T) 

where hr{t) is the usual /i-vector of S^- In this case, (5°(s, t) G Z[s-'^/^, s^-'^^^, i], for 
some positive integer N. By Lemma [^^ the coefficients of hrit) are non- negative 
integers. Hence the coefficients of 6'^{s,t) are non-negative integers. Recall that, 
for any rational number — 1 < fc < 0, we can recover the polynomial S'^{t) as the 
coefficient of s*^ in 6'^{s,t). Note that the degree of hr{t) is at most codimr and 
\ip{v)1 < dimr for any v in Box(t). It follows that (5°(i) is a polynomial in Z[i] of 
degree less than or equal to d, with non-negative coefficients. 

Example 2.8. Recall that we can recover the Ehrhart ^-vector of Q as 6Q{t) — 
6^{l,t). Then Proposition 12.61 gives the local formula of Betke and McMuUen for 
Sqit) (Theorem 1 in [i]), 

^qW= E t^^^^'^^hrit). 
res 

t;eBox(T) 

Note that the origin in N corresponds to a contribution of ho(t) in the above sum. 
It follows that 6Q{t) is a polynomial of degree less than or equal to d with non- 
negative coefficients and constant term 1 [1]. If E is complete, we conclude from 
Lemma 12.41 that 6q (t) is a polynomial of degree d with positive integer coefficients 

HI- 
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Corollary 2.9. Suppose that X satisfies the additional condition 

(8) X{v) > 0, 

for every v in |S|. Then for every rational number k, S^{t) is a polynomial in 'L\t\. 

Proof. Wc know that 5\(t) is the coefficient of s^ in (5'^(s,i) and is a power series 



in Z[[i]]. We will show that it has bounded degree. By Proposition 12.61 

tGS i;GBox(T) wCt 

Expanding the right hand side gives 

{\-tY y^ 5"'A(f)^r'A('")l y^ gl^p,c,^\r A(''>)^dimcr-dimr TT \ j [\ ^ gK^^)l\ ^ 

rGS rC(7 Pi^^ 

«6Box(X) 

If a monomial t^ s^ appears in the expansion of this expression, then fc must have 
the form 

r 

(9) k = wy.{v)+ Y. A(fo,) + ^a,A(&,), 

PiCa\T 4=1 

for some v in Box(S) and a^ non-negative integers that are equal to zero if X{bi) — 0, 
and such that 

r 

l< \ij{v)'] +2d + ^a,. 

i=l 

It follows from Condition ([5]) that for a fixed k, there are only finitely many possi- 
bilities for ai such that Q holds. Therefore I is bounded. D 

By a standard argument, this is equivalent to the following corollary. 

Corollary 2.10. Suppose that X satisfies the additional condition 

X{v) > 0, 

for every v in |E|. For every rational number k and for every m sufficiently large 
(depending on k), f^{m) is a polynomial function in m, of degree less than or equal 
to d. 

Proof. Fix a rational number k. By Corollarv l2.91 we can write 

F>:{t) = Pu{t)/{i-tY+^ + Qk{t), 

where Pk{t) = po,fc +Pi,fc^ + • • ■ + Pd.kf^ and Qk{t) are polynonfials. Expanding the 
right hand side gives 

j=0 m>0 ^ ^ 



Hence, for m > degQk{t), 



fXt ^ \r fm + d-j 

j=o 

D 
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Example 2.11. As in Example 1 2.71 suppose that A = 0. We have seen that for every 
rational number k, Sl{t) is a polynomial in Z[t] with non-negative coefRcients, of 
degree less than or equal to d. We claim that fj^{m) is either identically zero or a 
polynomial of degree d in Q[t\ with positive leading coefficient. This follows from 
the above proof, which shows that ,f^{m) is a polynomial of degree less than or 
equal to d, and that the coefhcient of f^ is J2j=oPj^k/dl, where the pj^k are the 
non- negative coefficients of (5°(i). 

Suppose that A satisfies the additional condition 

(10) X{b,)> -liori = l,...,r. 

In this case we define 

h^{t) := h^it,t), 

By Proposition [221 we have the following expression for S'^{t), 

res ijeBox(T) PiCr 

It follows from PTI| and ([3]) that there is a positive integer N' such that h^{t) lies 
in Z[[i^/^']] for aU r in E. By dTU]), wxiv) + \tpiv)~\ = tpiv) + \{v) is non-negative 
for all V in |S| n N. Hence ([TT]) imphes that 6^{t) e Z[[t'^/^]], for some positive 
integer N. In this case, we will often abuse notation and call S^{t) the weighted 
S-vector associated to S and A. 

We now describe a well-known involution l on jSj n A^. Consider a cone t in S 
and V in Box(t). Then ■;; can be uniquely written in the form v = X^n Ct li^ii ^^^ 
some < gi < 1. We define 

(12) 



t = t^,' 


iiox(xJ - 


-^ isoxi 


[T 


i{v) = 


PiCr 


- qi)h. 





As in ([7]), every v in |E| n A^ can be uniquely written in the form v — {v} + v, where 
{v} is in Box(t) for some t C a{v) and v is in N^^^^y Here a{v) is the cone of E 
containing v in its relative interior. Then t extends to an involution on |S]| n A^ 

L = i-^: mnN ^ mr\N 

l{v) = l{{v}) + i). 
Using (fTTj) and after rearranging and collecting terms, we can write t'^S^{t~^) as 

y^ ^codimr^A/^-l',^Ep.CT-*'(''i)+dimT-i/i(i;)-A(i;) TJ (t — 1) / (t^^^^^^^ — I) 

res PiCr 

t)eBox(X) 

Note that for any v in Box(x), 

A(6,) + dimr - tlj{v) - X{v) = i^{i{v)) + X{i{v)), 






Pi C!r 



where t is the involution (fT^ . Hence 

(13) t''<5^(t-i) = J2 t''°'^'"""^Kit-'^) J2 t'''^"^^^'^"'^ I[(^ i)/(i^(^')+i - 1). 

res ueBox(T) PiCr 
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Corollary 2.12. Assume that T, is a complete fan and X{bi) > —1 for i = 1, . . . ,r. 
Then 

S^{t) = f^s^it-^). 

Proof By Lemma EH for any cone r in E, h^{t) = i'=°'i'"^ft.^(t-i). The result 
follows by comparing expressions (fTT|) and (fT3|) . D 

We have the following change of variables formula for weighted ^-vectors. A 
geometric proof involving motivic integration is given in [30j . We write tjj = V's 
and(5^(f) = (5^(t). 

Proposition 2.13. Let N be a lattice of rank d. Let S = (A^, E, [hi]) and A = 
(A, A, {6'-}) he stacky fans such that jSj = |A|. Let X be a piecewise Q-linear 
function with respect to E satisfying X{bi) > —1 for every bi, and set 

A' = A + i/^s - "^A- 
//A' is piecewise Q-linear with respect to A and satisfies X'{b'j) > — 1 for every bj, 
thenS^it) = SXit). 



Proof. By letting s = < in the first calculation in the proof of Proposition [ 
see that 

vemnN 
which gives, 

'5a w = (1 - tf Yl t'''^^''^+^'^"^ = s^{t). 

ve\A\nN 

D 

3. Weighted Ehrhart Reciprocity 

The goal of this section is to investigate the case when A = 0. In this case, 
S^{t) is a polynomial of degree at d with rational powers and non-negative integer 
coefficients, and we can recover the Ehrhart (5- vector SQ{t) from (5°(i). While SQ{t) 
is not symmetric in its coefficients. Corollary 12.121 implies if S is complete, then 
5'^{t) = t'^6'^{t~^). The main point is that we can exploit this symmetry to deduce 
facts about the Ehrhart S-vector. 

Note that the weight function wo{v) = tp{v) — \ip(v)'] takes values between —1 
and 0. By Example 12.71 for each rational number — 1 < fc < 0, we can write 

for some non- negative integers Si_k- Since the Ehrhart (5- vector decomposes as 
'5q(0 ~ J2ke(-i 01 '5fe(*)' '^^ have, with the notation of ([2|), 

(14) 6,= J2 ^^'k, 

fee(-i,o] 

Throughout this section we will set s — t, so that the weighted (5-vector is given 

by 

fee(-i,o] fce(-i,o] j=o 
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By ([T4|) . Si is the sum of the coefficients of P in S^{t) ioi i — l < j < i. By Example 

(15) <5°(i)- ^ i^('')/i,(i). 

res 

i;GBox(X) 

Later we will see that the coefficients of 6^{t) are dimensions of orbifold Chow 
groups of a toric stack (Theorem [ 



Remark 3.1. The weight function wq and hence the weighted (5- vector S^{t) are 
determined by the underlying space of the lattice complex Q. Recall, from Remark 
12. 3[ that any lattice polytope P, after translation, has the form P = Qj^, for some 
stacky fan S. In this case, (5°(i) is determined by P and the choice of a lattice 
point a in P. 

Remark 3.2. Note that the non-zero lattice points of weight are those that lie in 
a facet of d{mQ) not containing 0, for some positive integer m. Let dQo denote 
the union of the facets in dQ not containing the origin. Consider the lattice N xli 
and the lattice complex 

Ko = {{v, n)eiNxZ)^\0<fi<l,ve d{fiQ)o} U {0}. 

We can interpret /q ("t-) as the number of lattice points in rnKo and 5Q{t) as the 
5- vector associated to Kq (c.f. p5]). 

Example 3.3. Let P be a lattice d-simplex containing the origin in its interior. Let 
S be the fan over the faces of the boundary of P, with the appropriate choice of 
{bi}. One can verify that hr{t) = 1 + t + • • • + i™dimr ^^^ ^^y ^-Qj^g r in S. Hence 

S°{t)= J2 i'^'''^(l + i + ---+^™''™^)- 
res 

«GBox(T) 

Corollary 3.4. Suppose T, is a complete fan. Then 6^(1) has degree d and positive 
integer coefficients. For — 1 < fc < 0, we can write S'^{t) — t5k(t). Then 

6'>{t)=t'^S"{t-^) 

<5°(i)=i%°(i-^) 

Sk{t)^t''-^d-i-k{t-^), 
for -1 < k <0. 

Proof. By considering the contribution of G Box{0} in p3|) and using Lemma [^^ 
we see that (5§(i) has degree d and positive integer coefficients. By ([T5|), S^{t) has 
no constant term for — 1 < fc < 0. By Corollarv l2.121 we have S'^{t) — t'^5'^{t^^). 
We can write 

ke{-i,o] 
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fce(-i,o) 

fcG(-l,0) 



Comparing the expressions above yields 

for — 1 < /c < 0. Since each 5^{t) is a polynomial of degree less than or equal to d, 
the corollary follows. D 

Remark 3.5. Suppose E is complete and set 

a(t) = <5°W, h{t) = Y ^fcW- 

fcG(-l,0) 

Since SQ(t) = J2-i<k<o^kW^ ^*^ have a decomposition 

SQit)^a{t)+tbit). 

This decomposition is due to Betke and McMullen (Theorem 5 [4]). We give an 
analogous result in the case when S is not necessarily complete in [29] , 

Remark 3.6. We can exploit the symmetry properties of the above decomposition 
to translate inequalities between the coefficients of Sq (t) into inequalities between 
the coefficients of 5o(i). This is explained in [29] in a more general setting. 

We give a reformulation of Corollary 13.41 We note that the k — case can be 
deduced from Ehrhart Reciprocity (see Remark [ 



Theorem 3.7 (Weighted Ehrhart Reciprocity). Suppose 'E is a complete fan. For 
every rational number — 1 < fc < 0, f^irn) is either identically zero or a polynomial 
of degree d in Q[i] with positive leading coefficient. For any positive integer m, 






«/ - 1< fc < 0. 

Proof. Fix a rational number k. The first statement follows from Example 12.111 
We see from the proof of Corollary 12.101 that 

i=o ^ 



Hence 



We define 



Fk{t) = Y fk{rn)t"\Fu{t) = Y /°(-™)*"- 

7n>0 m>l 
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We compute 

j=0 m>0 ^ ^ 

j=Om'>d+l-j ^ ^ 

m'>lj=0 ^ '^ 

= Ffc(i). 
It follows from Corollary 13.41 (after substituting in definitions) that 

tFo(i) - {~lf+^Fo{t-^) 
Fk{t) = (-l)'^+i^_i_fc(i-i) for - 1< fc < 0. 
The result follows by comparing coefficients of the expressions 
Fo(t) = i-iytFoit) 
Fkit) = i-iyF^i^kit) for - 1< fc < 0. 



D 



The above result should be viewed as the weighted version of Ehrhart Reci- 
procity. In particular, we verify below that Ehrhart Reciprocity is a consequence. 
We emphasise that this proof can be interpreted as a reformulation of previous 
proofs of Ehrhart 's theorem. 

Corollary 3.8 (Ehrhart Reciprocity [TP). For every positive integer m, 
(— 1)'*/q(— 77i) is equal to the number of lattice points in the interior ofmQ. 

Proof. It follows from the definitions that 

(16) (-l)%(-m)= J2 (-l)'/"(-™) 

fce(-i,o]nQ 

(17) |Int(mQ)n7V| = /o°(m-l)+ ^ /°(m). 

fce(-i,o)nQ 

The fan E induces a lattice triangulation T of dQ. There exists a positive 
integer n and a lattice point a in the interior of nQ such that, after translating a 
to the origin, the collection of cones over the faces of T form a simplicial fan S'. 
It follows from HH), dTT]) and Example \T7\ that the functions | Int(mQ) n A^| and 
(— 1)''/q(— rn) are polynomials in m. Hence, after replacing Q by a multiple and 
replacing E by E', we may assume that E is complete. The result now follows by 
applying Theorem 13. 71 to (fTB|) in order to obtain ^T7\ . 

D 
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Remark 3.9. This result was conjectured by Ehrhart in 1959 and proved by him in 
[TT] . Another proof was given by MacDonald in [21] . If E is complete, then 

(18) fgim) - i-lffQi-m) = /°(m) - /"(m - 1), 

since both sides are equal to the number of lattice points in d{mQ). With the 
notation of ([T]), it follows that Cd-i is half the surface area of Q, normalised with 
respect to the sublattice on each facet of Q. Note that Cd is the normalised volume 
of Q in iV. These facts were established in jTU] and [SU]. Using (fT5|) and applying 
a short induction, Ehrhart Reciprocity implies that f^{—m) = (— l)'^/o ("^ ~ 1) fo^' 
any positive integer ?7i, which was proved in Theorem 13. 71 (c.f. 29J). 

Remark 3.10. In a similar way, one can show that Weighted Ehrhart Reciprocity 
implies Ehrhart Reciprocity for rational polytopes (see, for example, [28]). More 
specifically, fix a positive integer r and set Q' = {\/r)Q. For < Z < r, one verifies 
from the definitions that 

jQ>{l + 7nr)= Y. /feM+ E A-("^ + l)- 

l/r-KkKO -l<k<l/r~l 

It follows that fQ'irn) is a quasipolynomial with period dividing r [55]. As in 
the proof of Corollary 13. 8[ after replacing Q by sQ for some positive integer s 
coprime to r, we can apply Theorem l3.7l to deduce that, for any positive integer to, 
(— 1)'^/q'(— to) is equal to the number of lattice points in the interior of mQ' . 

Let P be a rational polytope and fix a positive integer r such that rP is a lattice 
polytope. The function fp{m) is a quasipolynomial with period dividing r [55]. 
After replacing P by sP for some positive integer s coprime to r and translating 
by a lattice point, we may assume that P contains the origin. Setting Q' — P and 
Q = rP, we deduce that (— l)''/p(— m) is equal to the number of lattice points in 
the interior of mP. 

The following result of Hibi was originally shown to be a consequence of Ehrhart 
Reciprocity [16]. In a similar way, it follows from Theorem 13.71 Recall that ■(/; is a 
piecewise Q-linear function. 

Corollary 3.11 ([IS]). If ^ is complete, then 6Q{t) — t'^5Q{t^^) if and only if tp 
is a piecewise linear function. 

Proof. Observe that -0 is piecewise linear if and only if wq = 0. If wq = 0, then 
by CoroUarylSa Sgit) = S°{t) = f^S^if-^) = t'^Sqit-'^). Conversely, suppose that 
^qW — f^^Qit^^)- Assume wq is not identically 0. Choose j + 1 minimal such that 
Sj+i,k > for some -1 < A; < 0. By Corollarv l3.4l and p4)) . 

Sj = 6j,o + Y^ dj,k = Sjfl. 
ke{-ifi) 

Sd-j=Sd-j,a+ 2^ 6d-j,k^Sjfi+ 2_^ Sj+i,k>5j. 
fce(-i,o) fc6(-i,o) 

This is a contradiction. D 

Remark 3.12. If P is a lattice polytope then Sq is 1 and dd is the number of interior 
lattice points of P. A lattice polytope P is reflexive if it contains the origin in its 
interior and ip is piecewise linear. Then Corollarv l3.11l savs that 6p{t) = t'^5p{t~^) 
if and only if P is the translate of a reflexive polytope JJJ . 
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We conclude this section by proving a lemma which allows us to compute exam- 
ples when d = 2 and E is complete, and then presenting a corresponding example. 
Recall that OQq denotes the union of the facets of dQ not containing the origin. 

Lemma 3.13. The weighted 6-vector 5'^{t) is a polynomial of degree less than or 
equal to d with rational powers and non-negative integer coefficients. If S is com- 
plete, then5°(t) =f^S°{t-^). 

(1) <5"(l)=d!vold(Q). 

(2) The constant coefficient in 5°{t) is 1. 

(3) ForO<l<l, the coefficient oft'- m 6°{t) is \{v e Q H N \ ^{v) = /}|. 

(4) The coefficient oft in S°{t) is \dQa nN\-d. 

Proof. We established the initial claims in Corollary 12.101 and Corollary 13.41 We 
showed in the proof of Corollary 12 . 101 that f^{m) is a polynomial of degree d with 
leading coefficient ^j^Q^j^k/dl. Hence 

d 

d!vold(Q)= Y. E'5j'^='^"(l)- 

fcG(-l,0]i=0 

For the other claims we compare both sides of the expression 

5°{t) = (1 - tY+^ Y^ Y r''('')+". 

m>OvemQnN 

The constant coefficient on the right hand side is 1. For < / < 1, the coefficient 
on the right hand side is \{v € Q r\ N \ wq{v) -\- 1 — l}\. Note that if v lies in Q n A^ 
and wq{v) ^ then ["0(^)1 — 1- Finally, the coefficient of t on the right hand side 
is \{v &Qf]N \wo(y) = 0}| - (d + 1). The only elements of Q n A^ of weight zero 
are the origin and the elements of dQo H N. D 

Remark 3.14. When d — 2 and E is complete, one can show that 
/0(m) = \dQ n N\m{m + l)/2 + 1 

fkim) - ifUl) + /^_,(1))™V2 + (A°(l) - /^_,(l))™/2 for k + 0. 

Example 3.15. Let N — J? and let E be the complete fan with primitive inte- 
ger vectors (1,0), (1,3), (0,1), (-2, 3), (-2, 1), (-1,0) and (0,-1), and set a^ to be 
1,1,2,1,1,2 and 1 respectively. Since E is a complete fan, weighted Ehrhart Reci- 
procity holds and the weighted 5- vector 5^{t) is symmetric. The example is illus- 
trated in the diagram below, in which we have marked the lattice points of non-zero 
weight in 2Q. The computations were made using Lemma 13.131 and Remark 13.141 
Observe that removing the ray through (—2, 1) does not affect the results below. 

<5°(i) =e + -M'/^ + t^/" + 8t + ^3/4 + 3ii/2 + 1 
(5g(i) =5t^ + 12t + l 
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/q (to) = hvri} + 5to + 1 
j\l^{vfi) = 3to2 
f\/^{7n)=m{m + l)/2 
f-s/iM = to(to - l)/2 
fQ{ra) — 9to,^ + bra + 1 



4. Orbifold Cohomology 

We will now prove our geometric interpretation of the coefficients of the Ehrhart 
(5-vector. Recall that E is a simplicial, d-dimensional fan with convex support. In 
this case, we have a combinatorial description of the Betti numbers of the corre- 
sponding toric variety X = X(S). 

Lemma 4.1. Let Y, is a simplicial, d- dimensional fan with convex support. Let 
X = X{Yi) be the toric variety associated to S. Then X has no odd cohomology 
over Q and dim_ff^*(X, Q) is equal to the coefficient of t^ in the h-vector h-s{t) of 
S. If S is complete, then dimij2«(X, Q) > for i ^ 0, . . . ,d. 

Proof. The case when E is complete is due to Danilov (Theorem 10.8 ^8^). Suppose 
E is not complete. Let p be a ray in the interior of — |E|. Let A be the fan with 
cones given by the cones of E as well as the cones generated by p and a face of E 
contained in 9|E|. Consider the complete, simplicial toric variety Y — Y{A). Let 
D = D{Ap) be the Q-Cartier torus-invariant divisor corresponding to p. Then D 
is simplicial and complete and Y \D = X. By considering the long exact sequence 
of cohomology with compact supports, we have a diagram. 



0- 



-i?f(^,( 



A'{Y,i 



■ij2»(y,( 



-^A'{D,i 



Hf{D, 



-^0 



■Hf+\X^ 



■0. 



Since a complete toric variety has no odd cohomology, the bottom row is exact. The 
vertical maps take a cycle to its corresponding cohomology class and both maps 
are isomorphisms by Theorem 10.8 of [8]. The map a 'restricts' cycles of Y to 
cycles on the Q-Cartier divisor D (p33 [l3]). Let 7 be a cone in 9|E| corresponding 
to a T-invariant subvariety ^(7) of Y . If we set u = 7 + p, then a corresponds 
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to a T-invariant subvariety Vp(cr) of D and the set-theoretic intersection of ^(7) 
and D is Vp{a). It follows that a([F(7)]) is a positive multiple of [Vp(ct)] [12]. By 
Proposition 10.3 of [8J, A*(D,Q) is generated by classes of the form [^/^(cr)] and 
hence a is surjective and the diagram above has exact rows. We conclude that 
Hl^+^{X,Q) = and dimff2»(x,(Q) is equal to the i"^ coefhcient of 

res 
By Poincare duality, dim H^^ {X, Q) is equal to the coefficient of f^ in h^ (t) . D 

We can associate to the stacky fan S = {N,Y,,{bi}) a Dclignc-Mumford toric 
stack X — X{T1) over C with coarse moduli space X — X(E) [5 . Let 3^i, . . . ,X 
denote the connected components of the corresponding inertia stack 2X. There is 
a degree shifting function 

L;,:IX^ Q, 

which is constant on connected components. Let yi denote the coarse moduli space 
of yi. For i e Q, Chen and Ruan [7] defined the i^^ orbifold cohomology group of 
^by 

t 

HU{x,Q) = ^w-^^-(y^\yj,Q). 

i=i 
Similarly, we can consider the orbifold cohomology H*^.^ c('^i Q) of X with compact 
support. Chen and Ruan established Poincare duality between H*^^^{X,<Q) and 
HUA^^'^) (Proposition 3.3.1 [7]). 

Borisov, Chen and Smith (Proposition 4.7 [5j) show that the connected com- 
ponents of TX are indexed by the elements of Box(S). Moreover, if v in Box(t) 
corresponds to the connected component y^, then Lxiyv) = ^{v) and y^ — X(I]^). 
Hence 

(19) Hll^{XM = ^ i/'(^-'^(^»(X(S.),Q). 

TeEt)eBox(T) 

Remark 4.2. Similarly, Abramovich, Graber and Vistoli ^ defined the orbifold 
Chow ring Al^^^{X , Q) of X. For i e Q, " 

t 

KAxM^^H''-^''^^^\y,M- 

The cohomology ring with rational coefficients and Chow ring with rational coef- 
ficients of a simplicial, complete toric variety are isomorphic (Theorem 10.8 [8J). 
Hence, if S is complete, then A^^^^{X,Q) ^ H^'^^^^iX,Q). 

We finally arrive at the main result of this section. The case when wq = is 
proved in [53]. 

Theorem 4.3. The coefficient of P ind°{t) is equal to dimQ H^^.y^{X (T,) , Q) . More- 
over, the coefficient 6i of P in the 5 -vector 6Q{t) is a sum of dimensions of orbifold 
cohomology groups, 

S,^ J2 d\m^Hi^^iXi^),Q). 

2i-2<j<2i 
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Proof. By ^B, 

The first assertion now follows from (fT9|) and Lemma [4.11 The second statement 
then follows from P^ . D 

Remark 4.4. By Poincare duality, the coefficient of P in t'^(5"(t^^) is equal to the 
dimension of the (2j)'^ orbifold cohomology group of X with compact support. 



Remark 4.5. When S is complete, we showed in Corollary 13.41 that 

By Theorem 14.31 we can interpret this symmetry as a consequence of Poincare 
duality for orbifold cohomology. In particular, since Weighted Ehrhart Reciprocity 
(Theorem I3.7P is equivalent to Corollary 13.41 this provides a geometric proof of 
Weighted Ehrhart Reciprocity. 



A corollary of Theorem l4.3l is the following result which interprets the coefficients 
of the Ehrhart (5- vector of a lattice polytope as dimensions of orbifold cohomology 
groups of a (d+l)-dimensional orbifold. More specifically, let P be a d-dimensional 
lattice polytope in N and fix a lattice triangulation T of P. If a denotes the cone 
over P X {1} in {N x Z)r, then T determines a simplicial fan refinement A of a. The 
corresponding toric variety Y = ^(A) has a canonical stack structure: if wi, . . . , Ws 
are the primitive integer vectors of the rays of A, then the corresponding stacky 
fan is (A^ x Z, A, {wj). We will write H^^^(Y, Q) for the 2i^^ orbifold cohomology 
group of the canonical stack associate to Y. 

Theorem 4.6. Let P be a d-dimensional lattice polytope and let T be a lattice 
triangulation of P corresponding to a (d+l)- dimensional toric variety Y as above. 
The Ehrhart 6-vector of P has the form 

d 

5p{t) = Y,din,^Hll^{YMy- 

i=0 

Proof. With the notation of the previous discussion, let y denote the toric stack 
associated to the stacky fan {N x Z, A,{wj}). In this case, V ■ I'^l ^ K is the 
restrictionof the projection A'rxK ^ K to I A|, and hence Q = {w € |A| \ ip{v) < 1} 
is the convex hull of P x {1} and the origin, called the pyramid over P. Since the 
weight function wo{v) ^ tp{v) — \ip{v)~\ is identically zero on |A| n {N x Z), the 
weighted (5- vector (5°(i) is just the usual (5- vector 6Q{t). It is a standard fact that 
Sp{t) = 6Q{t) (see, for example. Remark 2.6 [2j). On the other hand. Theorem 14.31 
implies that Sp{t) - (5q(<) = S'>{t) = ^^^ dimQ H^',^,{y, Q)t\ D 

Remark 4.7. If T is a unimodular triangulation of P, then Y is smooth and 
-^orb(^'Q) = H'^^{Y,Q). In this case, the above theorem and Lemma |4J] implv 
the well-known fact that 6p (t) is equal to the /i- vector of T T5] . 

5. A ToRic Proof of Weighted Ehrhart Reciprocity 

We have provided a combinatorial proof of Weighted Ehrhart Reciprocity (The- 
orem 13. 7p as well as a geometric proof via orbifold cohomology (Remark 14. 5p . In 
this section, we give a third proof in the case when Q is a lattice polytope. More 
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specifically, we show that Weighted Ehrhart Reciprocity can be deduced from Serre 
Duality as well as some vanishing theorems for ample divisors on toric varieties due 
to Mustafa [22] . This proof generalises the toric proof of Ehrhart Reciprocity given 
in Section 4.4 of [12]. 

Throughout this section we will assume that S is a complete fan and 

P:=Q = {veN9.\ ^(v) < 1} 

is a lattice polytope (containing the origin in its interior). By definition, for every 
rational number — 1 < A: < and for any positive integer m, 

(20) /^(m)-/^(m-l)== |a(TO + fc)PniV|. 

Also, /o (0) = 1 and /^(O) = for — 1 < fc < 0. Our goal is to provide a toric proof 
of the following version of Weighted Ehrhart Reciprocity. 

Theorem 5.1. Let P be a d- dimensional lattice polytope containing the origin in 
its interior. For every rational number ~1 < k < 0, f^im) is a polynomial in m of 
degree at most d and for any positive integer m, 

(-i)'/°i-fcM «/ - i< fc < 

(-l)'^/0(m - 1) z/fc = 0. 



/fe(-™) ^ ^ ( ^\dfOl 



We first recall some facts about toric varieties and refer the reader to [12] for 
the relevant details. A d-dimensional lattice polytope P in iV, containing the origin 
in its interior, determines a d-dimensional, projective toric variety Y over C and 
an eflfective ample torus-invariant divisor D on Y . If M = Hom(A^, Z) denotes the 
dual lattice to N, then the normal fan to P in Afu determines the toric variety Y. 
Let ui, . . . ,Us denote the primitive integer vectors along the rays of the normal fan, 
corresponding to the torus-invariant prime divisors Di, . . . ,Ds oi Y. If we write 
D = ^i^i^iDi, then Oi = — min^gpnAr(ui, w) G Z>o. Given a torus-invariant 
Q-divisor E = X]i=i biDi, consider the (possibly empty) polytope 

Pe := {w e A^R I {u^, v)+b,>OioTi = l,..., s}. 

It can be verified that XP — P\d for any rational number A > 0. Every lattice point 
II in A^ corresponds to a character x^ on the torus contained in Y . In particular, 
we may view x" as a rational function on Y . If we let \E\ = X]i=i L^d-^'' denote 
the round down of E^ then the global sections of E are given by 

(21) H^{Y,0{[E\))^ Cx^ 

In particular, dimH^iY, 0{YE\)) = \Pe n A^|. We identify the canonical divisor of 
Y with Ky = ~ J2i=i ^i ^nd write \E'] — X]i=i \bi\Di for the round up of E. 

Lemma 5.2. If E — X]i=i ^iDi is a torus-invariant Q-divisor on Y then 
H"iY,OiKY+\E]))= Cx". 

velnt PeHN 

In particular, for each — 1 < fc < and for every positive integer m, 
ft{m)- fl{m-l) = diIaH°{Y,0{[{m + k)D\))-<:\lmH^{Y,0{KY + \{m + k)D^,)). 
Proof. Observe that u in A^ lies in the interior of Pe if and only if 

(ui, v) -I- 6i > for i — 1, . . . ,s. 
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This condition holds if and only if 

{ui, v) + Ibil — 1 > for i = 1, . . . , s. 

We conclude that Int Pe f) N ~ Pky + [e^ ri N and the first statement follows from 
(PTjl . By (|20p . for each — 1 < /c < and for every positive integer to, 

fkim) - fl{m- 1) = |(m + fc)PnA^| - | Int(TO + fc)F n iV| 

= dimiy°(r, C'([(to + k)D\)) - dimiJ"(y, 0(Ky + \(m + k)D~\)). 

D 

We recall the following vanishing theorem due to Mustafa. A Q-divisor E onY 
is ample if mE is an ample divisor for some positive integer m. 

Theorem 5.3 (Corollary 2.5 [22j)- Let Y he a projective toric variety and let E he 
an ample torus-invariant Q-divisor on Y . For i > 0, 

(1) H^(Y,0{Ky + [£'])) = (Kawamata-Viehweg vanishing) 

(2) W{Y,0{[E\))^Q. 

For any divisor D' on F, let x(i^, D') = Ej>o(-l)' dimi?*(y, 0{D')) denote the 
Euler characteristic of D' . By the above vanishing theorem and Lemma 15.21 for 
any positive integer ?7i, 

(22) fl{m) - fl{m - 1) = x{Y,0{[{m + k)D\)) - x{Y,0{Ky + \{m + k)D])). 

The following fact is due to Snapper. 

Theorem 5.4 ([26j). Let X he a complete variety of dimension d over an alge- 
hraically closed field k. If J- is a coherent sheaf on X and C is a line bundle on X, 
then there is a polynomial Q(t) of degree at most d such that Q{m) ~ x(X, T® C^) 
for every integer ni. 

If we apply the above result to the coherent sheaf 0{YkD\) and the line bundle 
0{D) on Y , we deduce that there is a polynomial Qi{t) of degree at most d such 
that Qi{m) = xiY, ©([(to, + k)D\)) for each integer to,. Moreover, the coefficient 
of f^ in Qi{t) is the intersection number rk(0([fcL»J)) • D'^/d\ = D'^/dl > ^IQ]. 
Similarly, there is a polynomial Q2{t) of degree d with leading term D'^/dl such that 
Q2{m) = x(Xi 0{Ky + \(m + k)D\)) for each integer to,. By ([^^ . for any positive 
integer to,, f^{m) — f^{rn — 1) = Qi(rn) — Q2{Tn)- It now follows from standard 
arguments (see, for example, p. 49 [H]) that f^{m) is a polynomial in m of degree 
at most d. 

We have the following application of Serre Duality. 

Lemma 5.5. If Sk{m) = f^{m) — f^{m — 1) then 

I ,\d+iQ ( \ \ S-i-kim + l) if-l<k<0 
(-1) 5fe(-m) = I ^^^^^ ^^j^^^ 

Proof. Since both sides of (pS)) are polynomials in m, (— l)''+^5fe(— m) is equal to 

-{-l)''x{y,0{[{~m + k)D\)) + {-iyx{Y,0{KY+\{-m + k)D])). 
By Serre Duality (see, for example. Corollary 3.7.7 14J), this is equal to 

-x(Y,OiKY-l{-m + k)D\))+xiY,0{-\{-m + k)D])). 
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Since for any real number a, — [— aj = \a\ , 

{-lf+'Sk{-m) = -x{Y,0{Ky+\{m-k)D\j) + x{Y,0{l{m-k)D\)). 

When fc = 0, we get (— l)'*+^5o(— to) = S'o(to)- For — 1 < fc < 0, after writing 
m- k ^m + l + (-1 - k), we see that {-l)'^+'^Sk{-m) = S'_i_fc(m + 1). D 

We wiU now complete our proof of Theorem 15. II by induction on m. 

Proof. We have seen that for each — 1 < /c < 0, fi^{m) is a polynomial in m of 
degree at most d. We will first prove Theorem 15.11 in the case when m — 1. Recall 
that /°(0) = 1 and /^(O) = for -1< /fc < 0. By (H^]) and Serre Duality, 

/o"(0) - /o"(-l) = X{y. Oy) xiY, 0{Ky)) = (1 - {-lt)x{Y. Oy). 

It follows from Theorem 15.31 that x(Y,Oy) = 1 and we conclude that /o(— 1) — 
{-lY = (-l)'*/o°(0) as desired. When -1 < /fc < 0, Lemma [53] implies that 
i-l)'i+^Sk{0) = 5_i_fc(l). That is, 

and hence (— 1)''/^ (— 1) = f-i-ki^)- This completes the proof when m = 1. 
Now consider the case when m > 1. By Lemma 15.51 and induction on m, 

i-irfSi-m) = i-lf+'Soi-m + 1) + {-Iff^i-im 1)) 

= 5o(to-1) + /o"(™-2) 

Similarly, when — 1 < /c < 0, 

{~irm-m) = {-ir+'s,i-m + 1) + i-irm-im i)) 



D 
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